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a b s t r a c t
An r-graph is a loopless undirected graph in which no two vertices are joined by more than r edges. An r-complete graph on m + 1 vertices, denoted by K (r) m+1 , is an r-graph on m + 1 vertices in which each pair of vertices is joined by exactly r edges. A nonincreasing sequence π = (d 1 , d 2 , . . . , d n ) of nonnegative integers is said to be r-graphic if it is realizable by an r-graph on n vertices. An r-graphic sequence π is said to be potentially K (r) m+1 -graphic if it has a realization containing K (r) m+1 as a subgraph. In this paper, some conditions for r-graphic sequences to be potentially K 
Introduction
For a positive integer r, an r-graph is a loopless undirected graph in which no two vertices are joined by more than r edges. An r-complete graph on m + 1 vertices, denoted by K (r) m+1 , is an r-graph on m + 1 vertices in which each pair of vertices is joined by exactly r edges. Clearly, K
integers is said to be r-graphic if it is the degree sequence of an r-graph G on n vertices, and such an r-graph G is referred to as a realization of π . The following three theorems due to Chungphaisan [1] are generalizations from 1-graphs to r-graphs of three well-known theorems, one by Erdős and Gallai [2] , one by Kleitman and Wang [7] and one by Fulkerson, Hoffman and Mcandrew [4] . m+1 -graphic, which are generalizations from 1-graphs to r-graphs of four theorems due to Rao [11, 12] and Kézdy and Lehel [6] . Borrowing the technique of ''laying off'', we first give the following definitions.
where d
n is the non-increasing rearrangement of the sequence obtained from d m+2 , . . . , d n by reducing by 1 the largest term that has not already been reduced r times, and repeating the procedure
n is the non-increasing rearrangement of the sequence obtained from d
n by reducing by 1 the largest term that has not already been reduced r times, and repeating the procedure d i − rm times. We now give a procedure (the following Theorem 1.4) to determine whether π is potentially A (r) m+1 -graphic or not, that is a generalization from 1-graphs to r-graphs of a theorem due to Rao [11] . This procedure can also be used to construct a graph with degree sequence π and containing K The following Theorem 1.5 is a characterization for an r-graphic sequence π to be potentially K (r) m+1 -graphic. This is a generalization from 1-graphs to r-graphs of a theorem due to Rao [12] or Kézdy and Lehel [6] . 
Theorem 1.5 (A Generalized A.R. Rao or Kézdy-Lehel Theorem). Let n
A simplification of Theorem 1.5 (the following Theorem 1.6) and a simple sufficient condition (the following Theorem 1.7) are also presented. These are corresponding generalizations from 1-graphs to r-graphs of two theorems due to Rao [12] . 
An extremal problem for 1-graphic sequences to be potentially K (1) m+1 -graphic was considered and conjectured by Erdős et al. [3] , and investigated and confirmed by Gould et al. [5] and Li et al. [8] [9] [10] . Recently, Yin [13] generalized this extremal problem and the Erdős-Jacobson-Lehel conjecture from 1-graphs to r-graphs.
Proofs of Theorem 1.4-1.7
Let G be an r-graph with x, y ∈ V (G), e G (x, y) be the number of edges in G joining x and y and N G (x) be the neighbor set of x in G. , z) , we will get a realization of π by replacing two independent edges v 1 y, xz in G with two edges v 1 x, yz, repeating this procedure at most d 1 − rm times, the required realization G of π will be obtained. Applying this method, we can show that π i is r-graphic for i = 2, . . . , m + 1 in turn.
Proof of
Suppose that π m+1 is r-graphic and is realized by an r-graph G m+1 with the vertex set To prove the sufficiency, we shall use a well-known result of Fulkerson et al. [4] . Let H be an r-graph on the vertex set
. . , v n }. We say that H satisfies the odd-cycle condition, if between any two disjoint odd cycles there is an edge.
Theorem 2.1 (Fulkerson et al. [4]). Assume that H is an r-graph and satisfies the odd-cycle condition, where V (H)
= {v 1 , v 2 , . .
. , v n }. There exists an r-subgraph G ⊆ H such that every vertex v i has degree d i , if and only if
We now continue to proceed with the proof of Theorem 1.5. Denote
. , d n ) is an r-graphic sequence with d m+1 ≥ rm and L(s, t) ≤ R(s, t) for any s and t,
n with the vertex set V (K (r) n ) = {v 1 , v 2 , . . . , v n } by deleting all edges between v i and v j for any i, j ∈ {1, 2, . . . , m + 1}. It is easy to see that π is potentially A (r) m+1 -graphic if and only if H has an r-subgraph G with the degree sequence π such that every vertex v i has degree d i . Observe that between any two disjoint odd cycles of H there is an edge. Therefore, H satisfies the odd-cycle condition and we may apply Theorem 2.1.
Clearly, L (A, B) ≤ L(s, t) . e H (v i , v j ) is the number of counting the edges of H between A and V (H) \ (A ∪ B) and double counting the edges induced by A. Thus we get
. By Theorem 2.1, H has an r-subgraph G with the degree sequence π such that every vertex v i has degree d i , and hence π is potentially A Suppose not. Let s, t be such that If s = 0, we define u to be 0; if t = 0, then v = 0. By hypothesis, we have that
By the choice of s and t, we also have that if s ≥ 1 then (3) and (4) we get that
From (6), we also can get that
Otherwise, if v > t and d m+1+t = r(s+t −1)+i for some 1 
, a contradiction which proves (7). Now from (1), (2), (5), (6) , and (7) we get after simplification
a contradiction which completes the proof. 
